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Abstract
Smith , PID(pHncipal ideal domain) ,




Smith PID(principal ideal domein) ,
. PID Smith . , Smith
, . , .
Smith [KB79]($Z$ ) , $[Kan85]$ ($K[x]$ )
. , .
, $Z$ [Jag05],
$K[x]$ . $Z$ $K[x]$
. $K[x]$ . , $Z$
LLL [LLL82] [Len85],
. ,
, . , ,




Smith PID(principal ideal domaln) , PID Smith
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. , $d_{1},$ $\cdots$ , $d_{:}|d_{j}(1\leq i<j\leq r)$ . $U$ $V$ $(m,m)$ ,
$(n,n)$ , . ( , $Z$ $\pm 1$ ,
$K[x]$ $K$ , ) , $K$ .
22
, ( )
. , $U=(u_{1}, \cdots u_{\mathfrak{n}})$ , $U$ $|U|$ .
22. $K[x]$
21. $Z$ $u:=(u_{11}, \cdots u_{1n})\in K[x]^{n}$ .
$|u:|$ : $|u_{1j}|$ :
$|U|$ : $|u_{1}|+\cdots+|u_{n}|$ $|u_{l}|$ : $\max\{|u:1|, \cdots |_{4n}|\}$
$|U|$ : $|u_{1}|+\cdots+|u_{n}|$




31. $\mathbb{Z}$ , $\{fi, \cdots f_{n}\}$ $Z$ $n$ . $L= \sum_{=1}^{n}Zf$:
$\{fi, \cdots f_{n}\}$ , Z-module . $\blacksquare$
$f_{i}=$ $(f_{11}, \cdots , f_{1n})$ $L$ . ( : $fi,$ $\cdots$
$R$ , $\mathbb{Z}$ , )
$L$ , NP [MicOl].
, (LLL
, [LLL82]).
, $K[x]$ $n$ $f_{1},$ $\cdots f_{n}$ $K[x]$ $L= \sum_{1=1}^{n}K[x]f$:
. $K[x]$ , .
, $Z$ . , $K[x]$
.
3.2 $K[x]$
$f=(fi, \cdots f_{n})\in K[x]^{\mathfrak{n}}$ .
136
32. $|f_{i}|$ $f_{1}$ , $f$ .
$|f|= \max\{|f_{1}|, \cdots)|f_{\mathfrak{n}}|\}$ .
$\blacksquare$
33. $B=\{fi, \cdots f_{n}\}$ $K[x]$ , .
$|B|=|f_{1}|+\cdots+|f_{\mathfrak{n}}|$
$\blacksquare$
[Len85] , $\{fi, \cdots f_{n}\}$ ,
($K[x]$ ) . ( Fg
, $K$ [Gat84])






34. $\hat{f}\iota(1\leq i\leq n)$ $(f_{11}^{\wedge}, \cdots f_{in}^{\wedge})$ . F $\hat{f}_{1},$ $\cdots$ , $\hat{f}_{n}$ ,
$\{fi, \cdots f_{n}\}$ .
$|f_{1j}^{\wedge}|<|\hat{f_{1:}}|$ for $1\leq j<i\leq n$ , (2)
$|f_{1j}^{\wedge}|\leq|\hat{f_{1:}}|$ for $1\leq i<j\leq n$ , (3)
$|\hat{f}_{1}|\leq|\hat{f}_{2}|\leq\cdots\leq|\hat{f}_{n}|$ . (4)
( :(2), (3) $\hat{M}$ .h
$L$ $\{fi, \cdots f_{n}\}$ [Len85].. $fi$ $L$ ,
$\bullet$ ,
, . ,
Smith . PID Gr\"obner
, .
3.3 $-K[x]$ -
$n$ $\{fi, \cdots f_{n}\}$ , $n$
$\{\hat{f}_{1}, \cdots\hat{f}_{\mathfrak{n}}\}$ , $\varphi$ . $n$ .
, $k$ $(1 \leq k\leq n)$
$|\hat{f_{1j}}|<|\hat{f_{||}}|$ for $1\leq j<i\leq k$ , (5)
$|f_{1j}^{\wedge}|\leq|\hat{f_{1:}}|$ for $1\leq i\leq k$ , $i<j\leq n$ , (6)
$|\hat{f}_{1}|\leq\cdots\leq|\hat{f}_{k}|$ , (7)
$|\hat{f}_{k}|\leq|\hat{f}_{j}|$ for $k<j\leq n$ , (8)




$K[x]$ - PID Gr\"obner
. $K[x]^{n}$ Gr\"obner $ .





, $f$ $LP(f)$ $f$ . $F=\{fi, \cdots, f_{n}\}$
. , , $LP(f_{i})\neq LP(f_{j})(^{\forall}i\neq$ . $F$
$ $0$ . , $fi\in F$ $LM(f_{t})$ $LM(F\backslash \{f_{1}\})$
. , .
42. ( . ) , - PID
Gr\"obner . $\blacksquare$
, 1 , Gr\"obner $(\in K)$




$A\in K[x]^{m,\mathfrak{n}}$ Smith $S$ , $U,$ $V$ . ,
$U$ $V^{r}$ .
5.1 $W$ $Z$
51. $W$ $Z$ , $U^{c}=WU,$ $V^{*}=VZ$
Smith .
$W=($ $W_{11}0$ $W_{22}^{*})\in K[x]^{m,m}$ , $Z=(Z_{11}*$ $Z_{22}0)\in K[x]^{\mathfrak{n},n}$ .
, $W_{11}$ $Z_{11}$ $(r,r)$ , $W_{11}DZ_{11}=D$ , $*$ $K[x]$ . ,
$\det(W_{i1}),$ $\det(Z_{||})\in K,$ $(i=1,2)$ . $\blacksquare$
$Z$ $V^{\cdot}$ . , $Z$ $W$
, $Z$ . Smith $V=(v_{1}, \cdots v_{n})$
. $V^{*}=VZ=(vi, \cdots v_{n})$ .
138
$\{\begin{array}{l}v_{1}^{*}=\sum_{i=1}^{r}(Z_{11})_{i1}v_{i}+\sum_{i=r+1}^{n}(*)vv_{r}=\sum_{1=1}^{r}(Z_{11})_{jr}v_{i}+\sum_{1=r+1}^{n}(*):-r,n-rv:v_{r+1}=\sum_{*=r+1}^{n}(Z_{22}):_{-r,1}v:v_{n}=\sum_{1=r+1}^{n}(Z_{22})_{i-,.,n-r}v_{i}\end{array}$ (9)
5.2. $\{vi_{+1}, \cdots, v_{\mathfrak{n}}\}$ $\{v_{r+1}, \cdots v_{n}\}$ , $|v_{r+1}^{*}|+$
$...+\text{ _{}n}|$ .




$\hat{v}_{1},$ $\cdots$ , $v_{r+1},$ $\cdots v_{n}$ , .
53. $0_{1},$ $\cdots\hat{v}_{r}$ , $|v:|\leq|\hat{v}_{i}|(1\leq i\leq r)$ $v_{1}^{*},$ $\cdots v_{r}^{*}$
.
, $\hat{v}_{1},$ $\cdots\hat{v}_{r}$ . (11) $Z_{11}$ ,
$W_{11}DZ_{11}=D$ , $W_{11}$ $U$ $\hat{u}_{1},$ $\cdots\hat{u}_{r}$ . $1\leq s<$
$t\leq r$ , $\hat{u}$. . $t=1$ $t=r$ , $\hat{u}_{l}=u_{l}+wu_{t}$ ,
. $w\in K[x]$ . , $U$ . , $W_{11}DZ_{11}=D$
$V$ $\theta_{t}=v_{t}-w\neq ud=v_{t}-wu_{l}’(u’$. $=(d_{l}/d.)u.)$ ,
. , $\hat{u}:(i\neq s)$ $(j\neq t)$ $|\hat{u}.|+|\hat{v}_{t}|$ .
ReduceELM . $t<s$ .
5.2 ReduceELM
$1\leq s<t\leq r$ . , $u_{l},$ $u_{t},$ $v_{t},$ $v$. $\in K[x]^{\mathfrak{n}}$ , $\dot{u}_{\iota}=u$. $+wu_{\ell},$ $\theta_{t}=v_{t}-w*v$. $=$
$v_{t}-wv’$. . $w\in K[x]$ . ReduoeELM , $\hat{u}:(i\neq\epsilon)$ $(i\neq t)$
$|\hat{u}.|+|\hat{v}_{t}|$ $w$ . , $|u.|+|v.|$
$0$ . , $a_{0}=|u.|+|v_{t}|$ 3 .
(1) $LP(u.)\neq LP(u_{t})$ $LP(v_{t})\neq LP(v_{l}’)$ .
(2) $LP(u.)=LP(u_{\ell})$ $LP(v_{\ell})=LP(v’.)$ .
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(3) $LP(u_{\iota})=LP(u_{t})$ $LP(v_{t})=LP(v_{l}’)$ .
(1) , $|u.|+|v_{t}|$ . , $w=0$ . (2) , $LP(u_{\iota})=$
$LP(u_{t})$ , $w_{1}=-quo(u_{\iota}, u_{\ell}),\hat{u}$ . $=rem(u_{\iota}, u_{t}),$ $\emptyset_{t}=v_{t}-w_{1}v_{l}’$ . , $a_{1}=|\hat{u}.|+|\hat{v}_{t}|$
$a_{0}$ , $a0$ $0$ , $a_{1}$ $w_{1}$ . (3) , $(3- 1)LT(u.)/LT(u_{t})\neq$
$-LT(v_{t})/LT(v’.),$ $(3- 2)LT(u.)/LT(u_{t})=-LT(v_{t})/LT(v_{l}’)$ . (3-1) , $u_{\iota}$ $u_{t}$
, $v_{t}$ $v’$. . , $|u.|$
$|v_{t}|$ . (2) $w_{1},a_{1}$ , $w_{2}=quo(v_{t},v_{l}’),a_{2}=$
$|\hat{u}_{\iota}|+|\theta_{t}|=|u.+w_{2}u_{t}|+|rem(v_{t}, v_{l}’)|$ . $a0,$ $a_{1},$ $a_{2}$ , $a_{0}$ $0$
, $a_{1}(i=1,2)$ $w_{j}$ . (3-2) , $u$. $v_{t}$ .
(3-2) , . $n$ $w_{3}=-LT(u.)/LT(u_{t})-$
$LT(u_{l}^{1})/LT(u_{\ell})-\cdots-LT(u^{n})/LT(u_{t})$ . $|\hat{u}_{e}|+|\hat{v}_{t}|$ $a_{3}=|u.+w_{1}u_{1}|+|v_{t}-w_{1}v_{l}’|$
. $a_{0},$ $a_{1},a_{2}$ (3-1) . $a0,$ $a_{1},$ $a_{2},$ $a_{3}$ .
$w=0$ , $a_{1}(1\leq i\leq 3)$ $w$: .
5.3 $|U|+|V|$
$\{u_{r+1}, \cdots u_{m}\}$ $L_{1},$ $\{v_{r+1}, \cdots v_{n}\}$ $L_{2}$ . $R\triangleright$
duoeELM 5.3 , $|u_{1}^{\vee}|+\cdots+|u_{r}^{*}|+|v_{1}^{*}|+\cdots+|v_{r}|$
:
Step $idx=finish$
1: for $s=1,$ $\cdots r\{$
2: for $t=1,$ $\cdots$ , $r\{$
if $s<t$
$w=ReduceELM(u.,u_{t},v_{t},v’.)$
$\hat{u}$. $=u.+wu_{t}$ , $u$. $arrow\hat{u}_{\iota}$
$\emptyset_{t}=v_{t}-wv’.$ , $v_{t}arrow\theta_{t}$
else if $s>t$
$w=R\epsilon duceELM(u., u_{t}’, v_{t}, v.)$




6: for $s=1,$ $\cdots r\{$
7: for $t=1,$ $\cdots r\{$
8: $\hat{w}arrow^{L_{1}}u_{l}$ , $\hat{v}_{l}-LAv_{\overline{i}}$







54. , $|u_{1}^{*}|+\cdots+|u_{r}^{*}|+|v_{1}^{r}|+\cdots+|v_{r}|$ .
6
, $K[x]$ Smith ,
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